Abstract. A transitive permutation group is semiprimitive if each of its normal subgroups is transitive or semiregular. Interest in this class of groups is motivated by two sources: problems arising in universal algebra related to collapsing monoids and the graphrestrictive problem for permutation groups. Here we develop a theory of semiprimitive groups which encompasses their structure, their quotient actions and a method by which all finite semiprimitive groups are constructed. We also extend some results from the theory of primitive groups to semiprimitive groups, and conclude with open problems of a similar nature.
Introduction
Without a doubt, the crowning achievement of 20th Century group theory is the Classification of the Finite Simple Groups (CFSG). This theorem is celebrated not only because of the immense scope of the mathematics that it encompasses, but also because of the light this theorem shines upon many problems in finite group theory. One particular case where the theory has had a successful impact is in applications to problems concerning finite primitive permutation groups. The crux of such applications of the CFSG is the use of the O'Nan-Scott Theorem. In this paper we are concerned with finding an analogous result, an "O'Nan-Scott type" theorem, for a wider class of permutation groups, namely, the semiprimitive groups. Our principal goal upon setting out on this investigation was to find a meaningful subdivision of the class of semiprimitive groups, as in the O'Nan-Scott Theorem, which would allow the CFSG to be brought to bear upon problems concerning finite semiprimitive groups. In this paper we propose a structure theory for semiprimitive groups, which in the finite case is sufficient for applications of the CFSG. In fact, because of the "wild" examples we give in this paper, we believe our result is the best possible. Before going into the details of this, we discuss some background.
A transitive permutation group G on a set Ω is called imprimitive if there exists a G-invariant partition of Ω into more than one part and with each part having size at least two, and primitive otherwise. An equivalent condition to primitivity is that pointstabilisers G ω (ω ∈ Ω) are maximal in G (i.e. that there is no subgroup H of G with G ω < H < G). The set of orbits of a normal subgroup of a transitive permutation group G forms a system of imprimitivity for G, and so all non-trivial normal subgroups of a primitive group are transitive. This leads to a natural generalisation where we call a permutation group quasiprimitive if each of its non-trivial normal subgroups is transitive. Many questions about permutation groups can be reduced to questions about primitive or quasiprimitive groups and they have been the focus of much attention, for example [1, 8, 9, 10, 13, 14, 16, 17, 19, 23, 25, 26, 27, 28, 30, 31, 32] .
Innately transitive permutation groups were introduced by Bamberg and Praeger [3] and these are the finite permutation groups G with a transitive minimal normal subgroup N. Such groups naturally occur as overgroups of quasiprimitive groups. A permutation group G is called semiregular if each point-stabiliser G ω is trivial. It is well known that the centraliser of a transitive group is semiregular [11, Theorem 4 .2A] and so a normal subgroup of an innately transitive group either contains the transitive minimal normal subgroup N, and hence is itself transitive, or intersects N trivially and hence is semiregular.
A permutation group is called semiprimitive if every normal subgroup is transitive or semiregular. This notion was introduced by Bereczky and Maróti [5] and was motivated by an application to collapsing transformation monoids. Their original definition required the group to be non-regular, but here we follow Potočnik, Spiga and Verret [22] and include the regular case. The class of semiprimitive groups is much wider than the class of innately transitive groups and includes all automorphism groups of graphs that are vertextransitive and locally quasiprimitive (see Lemma 8.1 ) and all finite Frobenius groups [5, Lemma 2.1]. Note that every normal subgroup of a semiregular group is also semiregular, therefore semiregular groups (whose theory is rather uninteresting) could be considered as the intransitive analogue of semiprimitive groups.
Potočnik, Spiga and Verret were interested in semiprimitive groups due to their work on the Weiss Conjecture and its generalisations. A finite transitive permutation group L is called graph-restrictive if there is an absolute constant c(L) such that for any locally L graph-group pair (Γ, G), the order of a vertex stabiliser in G is at most c(L) (see Section 8 for more details). The Weiss Conjecture [38] asserts that any primitive group is graphrestrictive and has been proved for many classes of primitive groups, for example all 2-transitive groups are graph-restrictive [36] . Praeger [28] has conjectured that the class of graph-restrictive groups includes all quasiprimitive groups. Potočnik, Spiga and Verret [22] showed that any graph-restrictive group must be semiprimitive and their PSV Conjecture asserts that the converse is also true.
The structure of finite primitive permutation groups is given by the O'Nan-Scott Theorem. Following [26] , this theorem partitions the class of finite primitive groups into eight types and has had a multitude of applications, see for example [2, 8, 9, 11, 19, 29, 33] . Similar "O'Nan-Scott type" theorems have been developed for the classes of finite quasiprimitive [27] and innately transitive [3] groups. In the infinite setting, similar structure theorems exist for infinite primitive permutation groups with a minimal closed normal subgroup that in turn has a minimal closed normal subgroup [18] and for infinite primitive permutation groups with finite point-stabilisers [34] . The key feature of these theorems is that each class is divided according to the structure and action of a transitive minimal normal subgroup. Such a subgroup is called a plinth by Bamberg and Praeger [3] . In most cases this enables detailed information about the action of the group and structure of a point-stabiliser. An innately transitive group has at most two plinths, and if it has two plinths then they are isomorphic and regular [3, Lemma 5.1] .
The aim of this paper is to investigate semiprimitive groups along the lines of an "O'NanScott type" theorem. We introduce the notion of a plinth of a transitive permutation group to be a minimally transitive normal subgroup. Every finite transitive permutation group has a plinth. However, there are infinite primitive groups with no minimal normal subgroups and hence no plinth. (For example, the free group of rank two has a faithful 2-transitive representation [20] but no minimal normal subgroup.) Note that our definition of a plinth is consistent with the definition of a plinth of an innately transitive group. Moreover, any regular normal subgroup is a plinth.
In [5] it was shown that every soluble finite semiprimitive group has a unique regular normal subgroup that contains every semiregular normal subgroup and is contained in every transitive normal subgroup. Such a subgroup was called a kernel, for us, it is a plinth. In fact, we arrived at the notion of a plinth in our efforts to extend the work of Bereczky and Maróti.
Whereas the plinth of an innately transitive group is a minimal normal subgroup and hence the direct product of isomorphic simple groups, the plinth of a semiprimitive group has far fewer restrictions. In fact, any abstract group is a semiprimitive permutation group acting regularly on itself, and in this action the whole group is a plinth, so there is no restriction on the structure of a plinth of a semiprimitive group. Even in the non-regular case, a semiprimitive group can have an arbitrary number of plinths (Example 3.8), two plinths need not be isomorphic (Example 3.14) and any finite centre-free perfect group can be a non-regular plinth (Example 7.3). However, we are still able to deduce some useful information about the structure of plinths in both the finite and infinite cases. Theorem 1.1. Let G be a semiprimitive group with plinth K.
(1) If K is non-regular, then K is perfect and is the unique plinth of G. Theorem 1.1 is proved in Section 3, where more information is given about the structure of plinths. In particular, the structure of a semiprimitive group with two plinths is tightly constrained by Theorem 3.10 and in the finite case any two plinths must have the same set of composition factors.
Another reason that the structure of semiprimitive groups is less restricted than that of primitive groups is that there are more ways to build semiprimitive groups. The roughest interpretation of the O'Nan-Scott Theorem says that a primitive permutation group is either a 'basic' group, or obtained from a basic group via the product action of a wreath product. For semiprimitive groups, we have a new kind of product, which we call the glued product, which takes two semiprimitive groups with isomorphic point-stabilisers and produces a new semiprimitive group by glueing together their point-stabilisers. We make this precise and prove the details in Section 4.
Let N be an intransitive normal subgroup of a semiprimitive group G. Then (as first shown by Bereczky and Maróti in the finite case) N is the kernel of the action of G on the set of N-orbits and this action is semiprimitive (Lemma 3.1). In the finite case, taking N to be maximal subject to containment in a plinth K, the group G/N is innately transitive. Thus semiprimitive groups appear to be built out of innately transitive groups. To make this more concrete, we borrow the following notion from representation theory. If G has at least two plinths, we define rad(G) to be the intersection of all plinths of G. If G has a unique plinth K, we define rad(G) to be the intersection of all proper subgroups of K that are maximal subject to being normal in G. Theorem 1.2. Let G be a finite semiprimitive group. Then G/rad(G) is the glued product of a tightly constrained family of innately transitive groups.
The above theorem is a consequence of a more technical result on the structure of semiprimitive groups, namely Theorem 5.1. The family of groups mentioned in the above theorem is given in explicit detail in Theorem 5.1.
In Section 4 we introduce the notion of a semiprimitive triple. This is at once a generalisation and a simplification of the innate triples of Bamberg and Praeger [3] . A semiprimitive triple consists of three groups K, H and L with H a group of automorphisms of K, and L a normal subgroup of a group K 0 of K. These three groups satisfy the set of conditions given in Definition 4.2 and can be fed into Construction 4.4 to create a semiprimitive group. All semiprimitive groups with a plinth can be constructed in this way and we obtain the following theorem.
Theorem 1.3. Every semiprimitive permutation group with a plinth is permutationally isomorphic to a semiprimitive group given by Construction 4.4 and every permutation group given by this construction is semiprimitive.
We are able to apply the theory that we develop to investigate some properties of semiprimitive groups. In particular, we prove the following theorem, which reduces the PSV Conjecture to semiprimitive groups with a unique plinth.
Theorem 1.4. A finite semiprimitive group with at least two plinths is graph-restrictive.
We note here that the proof of Theorem 1.4 (given in Section 8) rests upon a ThompsonWielandt Theorem, and not the CFSG. As mentioned above, the true power of the O'NanScott Theorems for primitive, quasiprimitive and innately transitive groups lies in the ability to reduce problems on permutation groups in these classes to questions about finite simple groups, and thus to enable a use of the CFSG to solve problems. Theorem 1.2 shows that, for a semiprimitive group G, the CFSG could be used to answer questions about G/rad(G). We provide examples in Section 6 to show that there exist semiprimitive groups G such that rad(G) contains arbitrary finite simple groups as composition factors. Thus bringing the CFSG to bear upon problems concerning semiprimitive groups is feasible, if one can deal with the semiregular normal subgroup rad(G).
A general construction of permutation groups is via the product action of wreath products. Thus we are motivated in Section 9 to investigate wreath products of semiprimitive groups in product action. For the restricted wreath product we are able to give a complete answer to the question of when such a wreath product is semiprimitive. The unrestricted wreath products are more difficult to deal with, and we offer some partial results in this direction.
A variety of useful results on primitive groups concern knowledge of bounds on orders, base sizes and minimal degrees. For more general applications, these types of results have been extended to quasiprimitive [30] and innately transitive groups [4] . For some of these results, the extension to semiprimitive groups is rather straightforward -we give details in Section 10. On the other hand, some of these questions run into the wildness of semiprimitive groups, and it is not clear if the expected generalisation of a result from the classes of primitive, quasiprimitive or innately transitive groups holds. In Section 11 we discuss some open problems and pose some general questions. These are motivated either by the aforementioned generalisation of results on primitive groups, or by problems that have been raised in our investigations.
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Preliminaries
Our notation is mostly standard. We frequently use the bar notation, that is, for a group G with normal subgroup N we write G = G/N and use the subgroup correspondence theorem to identify subgroups H G with their preimages in G. For groups A and B and an isomorphism µ : A → B, we define the diagonal subgroup of A × B, with respect to µ as follows: diag µ (A, B) = {(a, aµ) : a ∈ A}. Further, we refer to any subgroup of the above mentioned form as a diagonal subgroup.
We recall some basic terminology of permutation groups. Let Ω be a set. A subgroup G of Sym(Ω) is referred to as a permutation group (on Ω). The degree of G is the cardinality of Ω. The orbit of ω ∈ Ω under G is the set ω G := {ω g : g ∈ G}. The group G is transitive if Ω = ω G for some ω ∈ Ω. For a subset B ⊆ Ω, the point-wise stabiliser of B is G (B) := {g ∈ G | ω g = ω for all ω ∈ B}, while the set-wise stabiliser of B is G B := {g ∈ G | ω g ∈ B for all ω ∈ B}. If B = {ω} for some element ω of Ω then G (B) = G B and we simply write G ω for this subgroup. We say that G is semiregular if G ω = 1 for each ω ∈ Ω and regular if it is both semiregular and transitive.
Suppose that G is transitive on Ω. A partition ∆ of Ω is said to be G-invariant if for all δ ∈ ∆ we have δ g = {ω g | ω ∈ δ} ∈ ∆. The following two G-invariant partitions are called trivial : ∆ = {{ω} | ω ∈ Ω} and ∆ = {Ω}. A partition is therefore called nontrivial if it is not a trivial partition. The existence of G-invariant partitions corresponds to the existence of subgroups H of G such that G ω H G, with non-trivial G-invariant partitions occurring if subgroups can be found with these inequalities being strict.
In the presence of a G-invariant partition ∆, we can consider two different induced actions of the group G. The first is the induced action of G on the set of parts of ∆, as defined above. This gives rise to a homomorphism G → Sym(∆). The second is the induced action on a part: if δ ∈ ∆ we see that G δ acts on the set of elements of Ω in δ. This gives a homomorphism G δ → Sym(δ). If T is the permutation group induced on ∆ by G and M the group induced by G δ on δ, then G is embedded in the wreath product M ≀ T acting on δ × ∆.
The concept of quotient actions is fundamental to understanding semiprimitive groups. Note that not all quotient actions are quotient actions via normal subgroups. A primitive permutation group has no quotient actions. A quasiprimitive group may have quotient actions, each of which will be faithful (the kernel of a quotient action is necessarily intransitive), and so a quasiprimitive group has no non-trivial quotient actions via normal subgroups. Each innately transitive group that fails to be quasiprimitive automatically has a quotient action via a normal subgroup, for there must exist an intransitive normal subgroup. For each type of innately transitive group, there is in fact a quotient action which will be quasiprimitive -and the type of this quasiprimitive action is well understood [3, Table 1 ].
We record the following easy facts which we will use without reference. We now mention some information concerning the types of finite innately transitive groups that pertains to this paper. Recall that the socle of a group G is the product of all the minimal normal subgroups, and is denoted soc(G). Let G Sym(Ω) be an innately transitive group and let ω ∈ Ω. Then by [3] , G is permutationally isomorphic to a group of exactly one of the following eleven types.
HA There is an integer n and a prime p such that Ω can be identified with T ∼ = (C p ) n and G = T ⋊ G ω , where G ω acts faithfully and irreducibly on T . All groups of this type are primitive and are subgroups of AGL(n, p). HS The groups of this type are primitive, G contains a normal subgroup isomorphic to T ×T , where T is a non-abelian simple group. Moreover, Ω = T and G is embedded in Hol(T ) with Inn(T ) G ω Aut(T ). HC The groups of this type are primitive. There is some integer k 2 and some nonabelian simple group T such that Ω = T k and T k Inn(T k ) G Hol(T k ) with G transitively permuting the k factors of T k . There are exactly two minimal normal subgroups, each isomorphic to T k and soc(G) ω ∼ = T k .
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AS Here T G Aut(T ) for some non-abelian simple group T . The point-stabiliser G ω is some core-free subgroup of G. Groups of this type are quasiprimitive. TW Here soc(G) is regular and isomorphic to T k for some k > 1 and some non-abelian simple group T . Moreover C G (T k ) = 1 and G is transitive on the set of k factors of T k . Groups of this type are quasiprimitive. SD The groups of this type are quasiprimitive. Here soc(G) = T k with k > 1, is minimal normal, G is contained in Aut(T k ) and soc(G) ω ∼ = T is a full diagonal subgroup. CD The groups of this type are also quasiprimitive. There are integers k, ℓ > 1 such that soc(G) = T kℓ and soc(G) ω ∼ = T k . ASQ There is a non-abelian simple group T such that T is a transitive minimal normal subgroup of G, C G (T ) = 1 and C G (T ) is not transitive. Groups of this type are not quasiprimitive but have quasiprimitive quotient actions of type AS. PA Here G is not necessarily quasiprimitive. There is a G-invariant system of imprimitivity Σ such that Σ can be identified with ∆ k for some integer k > 1 and G Σ H ≀ S k where H is an innately transitive group on ∆ of type AS or ASQ with non-regular plinth. PQ In this case there is a non-abelian simple group T and an integer k > 1 such that T k is a regular minimal normal subgroup of G and C G (T k ) = 1, and the action induced by G on the set of 
Moreover, L and R are the only minimal normal subgroups of G, and if G is finite then G is of type HS or HC.
Proof. Note first that both L and R are regular by the lemma above. Then since L = R, both L and R are non-abelian and we have
In particular, L and R are the only minimal normal subgroups of G. By [11, Lemma 4.2A(ii)] there is a group X such that L is the left regular representation of X and R is the right regular representation of X. Since L is a minimal normal subgroup of G, X is characteristically simple. Let us write σ : X → L and ρ : X → R so that for g ∈ X we write σ : g → σ g and ρ : g → ρ g . Further, we may identify Ω with X such that, for σ ℓ ∈ L and ρ r ∈ R and g ∈ Ω, we have
Suppose that B is a block of imprimitivity of Ω. Since G is transitive, we may assume that 1 ∈ B. Suppose that x ∈ B. Then
Hence B is a subgroup of X. Let g ∈ X, then 1 g = 1, so 1 ∈ Bσ g ρ g so that g −1 Bg = B. Hence B is a normal subgroup of X. Finally, since L is a minimal normal subgroup of G, and B is normalised by G 1 , B is normalised by G = LG 1 , so either B = L = Ω or B = 1. Hence G is primitive.
Let K = LR ∼ = L × R and define π 1 and π 2 to be the projections of K onto L and R respectively. Since L ∩ R = 1 we have that ker(π 1 ) = R and ker(π 2 ) = L. Let α ∈ Ω and observe that the transitivity of L and 
Proof. This follows from the description of the primitive groups of types HS and HC given above.
In the lemma below, and later in this paper, we write c x (x ∈ K) for the automorphism of K induced by conjugation by x.
Since C G (K) ω = 1, we obtain kφhφ = (kh)φ as required. Since kφ = 1 implies ωk = ω(kφ) = ω we have that ker φ = K ω . Clearly φ is surjective and (a) is established.
We record the following well-known fact and provide a proof for completeness. In the proof, we use the following notion: A normal section of a group G is a quotient K/N where K and N are normal subgroups of G. Naturally G acts by conjugation on K/N and we call the normal section G-simple if there are no proper non-trivial subgroups of K/N invariant under this action of G, equivalently, if K/N is a minimal normal subgroup of G/N. Proposition 2.7. Let G be a finite group with normal subgroups N and K with N K. Let S = {M 1 , . . . , M r } be a set of normal subgroups of G that are maximal with respect to N M i < K and set S = M ∈S M. Then the following hold:
Proof. We apply induction on r. If r = 1 then there is nothing to prove. Suppose that r > 1 and let
Then T is a set of at most r − 1 normal subgroups of G, and it is easy to check that
is the product of at most r minimal normal subgroups. For the final part, suppose that K is perfect. Hence M is perfect, and so it suffices to prove that
is in the centre of K/(M ∩J ∩H). In particular, M is not perfect, a final contradiction.
Structure theory for semiprimitive groups
The first result shows that the class of semiprimitive groups is closed under quotient actions. The first half of the following is due to [5, Lemma 2.4].
Lemma 3.1. Let G Sym(Ω) be a semiprimitive group and let N be an intransitive normal subgroup. Then G/N acts faithfully and semiprimitively on the set of N-orbits. Moreover, for any ω ∈ Ω and δ the N-orbit containing ω, we have
Proof. Let M be the kernel of the quotient action. Then M is a non-trivial normal intransitive subgroup of G. Thus M is semiregular and has the same orbits as N, therefore M = N. Let G = G/N and suppose that R is a non-semiregular normal subgroup of G. Then R ∩ G ω is non-trivial for some ω ∈ Ω. Thus R ∩ NG ω = N(R ∩ G ω ) is not contained in N. Hence R ∩ G ω = 1, and so R is a non-semiregular normal subgroup of G. Thus R is transitive on Ω. Hence R is transitive on the set of N-orbits, and so R is transitive.
Let ω ∈ G and let δ be the N-orbit containing ω. Then (G/N) δ = (G ω N)/N. Since N is semiregular, using an isomorphism theorem, we have (
The following fact is sometimes useful. 
The following gives sufficient conditions for a group to be semiprimitive. Proof. Since H is core-free in G, we view G as a permutation group on the set of (right)
The converse to the lemma is false for arbitrary normal subgroups. For example, for any integer n 3, the action of G = Sym(n) on the set of cosets of a subgroup H generated by a transposition is semiprimitive (in fact, quasiprimitive). However if one takes K = G then we have that [K, H] = [K, K] has index two in K. The search for a converse however leads us to the central concept in our theory of semiprimitive groups and requires analysis of transitive normal subgroups.
We fix now a (possibly infinite) set Ω and a transitive permutation group G Sym(Ω). Let ω ∈ Ω and set H = G ω .
Definition 3.4.
A plinth of G is a minimally transitive normal subgroup. The product of all the plinths of G is the superplinth of G and is denoted sp(G).
If sp(G) is a plinth, we define rad(G) to be the intersection of all proper subgroups of sp(G) that are maximal with respect to being normal in G.
If sp(G) is not a plinth, we define rad(G) to be the intersection of all the plinths of G.
The above definition is motivated by the theory of innately transitive groups, where a transitive minimal normal subgroup is called a plinth [3, pg. 71] . Note that our more general definition of a plinth agrees with that of loc. cit. in the case of innately transitive groups. It is immediate that every finite transitive group has a plinth, although this may be the whole group (as in the case of regular permutation groups). We gave an example of an infinite 2-transitive (and hence semiprimitive) group with no plinth in the introduction.
As mentioned above, the search for a converse to Lemma 3.3 leads us to consider plinths. The next result says that semiprimitive groups are characterised by the action of a pointstabiliser on a plinth. Recall that the kernel of the action of Proof. Since K is normal in G, one of the implications follows from Lemma 3.3. Suppose that G is semiprimitive. Let Y be an arbitrary proper subgroup of K that is normal in G. Since K is a plinth, Y is intransitive and therefore semiregular. Now let B = C H (K/Y ) and observe that B is a normal subgroup of H. We claim that Y B is a normal subgroup of G. Indeed, note that Y B is normalised by H, and
so that Y B is normalised by KH = G. Hence Y B is transitive or semiregular. In the first case, we have G = Y BH = Y H, and so Y is transitive, a contradiction to K being a plinth. Hence Y B must be semiregular, which implies B = 1 and so H acts faithfully on K/Y .
For the rest of this section we adopt:
Hypothesis: G Sym(Ω) is semiprimitive. A fruitful approach to proving statements concerning semiprimitive groups is to consider quotient actions. Usually we are concerned with properties of plinths, and here some caution is required, since the image of a plinth of G may not be a plinth in a quotient action of G. The following result summarises the properties that we will draw upon. Lemma 3.6. Let K be a plinth of G and let M be an intransitive normal subgroup of G. Let ∆ be the set of M-orbits and let G = G/M. The following hold:
then K is regular if and only if M K; (d) if every transitive normal subgroup of G contains K, then K is the unique plinth of G
and K is the unique plinth of G.
Proof. Let δ ∈ ∆ and let α ∈ δ. For (a) suppose that M K and let Y be a transitive normal subgroup of K. Then the preimage Y of Y is a normal subgroup of G and is transitive on the set of M-orbits. Since Y contains M we have that Y is transitive. Since Y K and K is a plinth, we have Y = K and hence Y = K so that K is a plinth of G. For (d), note that K = sp(G), that is, K is the unique plinth of G. Let R G be an arbitrary plinth of G. Then R is a transitive normal subgroup of G and thus, R contains K. Hence K R. Since R is a plinth of G, and since K is a transitive normal subgroup, we have R = K. In particular, K is a plinth of G and thus K = sp(G) as required.
We next find a description of the superplinth. Proof. Let K be a plinth and let H be a point-stabiliser. Now N ∩ H is non-trivial and normal in H, so Lemma 3.5 shows that
Now suppose that G has a plinth, K say, and let S = sp(G). Assume that L is a plinth of G distinct from K. Then KL sp(G). If KL is regular, then we would have K = KL = L, a contradiction. Hence KL is non-regular, and so the above paragraph shows that every plinth is contained in KL. Hence sp(G) KL and we are done.
By Lemma 2.4, innately transitive groups have at most two plinths. Whilst the above result says that the superplinth is the product of at most two plinths, the following example shows there is no bound on the number of plinths in semiprimitive groups.
Example 3.8. Let T be a non-abelian simple group, let I be a set and for each i ∈ I let T i be a copy of T . Let
and let H be a diagonal subgroup of G isomorphic to T . Then G is a semiprimitive group on the set of cosets of H since each proper normal subgroup of G is semiregular. Let i ∈ I, then the subgroup
When G has a non-regular plinth the situation is quite different.
Lemma 3.9. Suppose that G has a non-regular plinth K. Then the following hold:
Proof. By Lemma 3.7 we have that K contains all plinths, hence K must be the unique plinth so K = sp(G). Since K is non-regular, K ∩ H = 1 and so Lemma 3.5 shows that
Since a non-regular transitive normal subgroup contain every plinth by Lemma 3.7, part (iii) follows immediately from (i).
We now consider the case that G has at least two regular plinths, the previous result shows that all plinths are therefore regular. Here we have a satisfactory reduction to primitive groups. Theorem 3.10. Suppose that G has at least two plinths. Then there is a characteristically simple group X such that for any two plinths L and 
Proof. Let L and R be distinct plinths of G. Then both L and R are regular by Lemma 3.9(i). Let G = G/L ∩ R. By Lemma 3.7 we have that sp(G) = LR. Suppose that K is a plinth of G and U is a normal subgroup of G such that K < U sp(G). Then U is non-regular, and so Lemma 3.7 shows that sp(G) U, hence U = sp(G). Thus sp(G)/L and sp(G)/R are minimal normal subgroups of G/L and G/R respectively.
Since L ∩ R is intransitive, Lemma 3.1 shows that G is semiprimitive. Now G has two distinct minimal normal subgroups which are transitive. Thus Lemma 2.4 shows that G is primitive with L ∼ = R. Set X := L, by Lemma 2.4 X is characteristically simple. Note that if G is finite, then G is of type HS or HC and X ∼ = T ℓ for some integer ℓ and some finite non-abelian simple group T .
We now show that X does not depend upon the choice of plinths. Let K and Y be distinct plinths of G and set G = G/K ∩ Y . Lemma 3.1 shows that, for any α ∈ Ω, (KY ) α ∼ = KY α K∩Y . Now KY = sp(G) = LR so we have (KY ) α = (LR) α ∼ = (LR) α L∩R . Lemma 2.4 shows that X ∼ = (LR) α L∩R , hence KY α K∩Y ∼ = X and thus Lemma 2.4 shows that K ∼ = Y ∼ = X. Proof. Obviously there is nothing to prove if G has a unique plinth, whilst Theorem 3.10 shows that for any two distinct plinths L and R we have L/L ∩ R ∼ = R/L ∩ R and hence L and R have the same set of composition factors.
Having a non-perfect plinth gives us control over centralisers and thus over certain "useful" subgroups of G. In the next lemma, the layer of a finite group G, E(G), is the product of all subnormal quasisimple subgroups of G.
Proof. That K is regular is a consequence of Lemma 3.9(ii). Assume for a contradiction that C G (K)K > K. Then there is a normal subgroup 1 = S of H such that SK = KC G (K), whence
is a H-invariant quotient of K on which H does not act faithfully, a contradiction to Lemma 3.5. Thus K indeed contains its centraliser. The final part of the lemma follows since for every finite group X, E(X) U for every normal subgroup U of X such that C X (U) U, see [15, 9.A.6] . Proof. Suppose that G is a semiprimitive group with soluble plinth K. Suppose that L is also a plinth of G. If L = K, then Theorem 3.10 shows there is a non-abelian characteristically simple group X such that K/K ∩ L ∼ = X, a contradiction to K being soluble. Hence K = L and so K = sp(G). Lemma 3.9 shows that K is regular and so (i) holds. For (ii), suppose that R is a normal semiregular subgroup of G. Assume that R K.
a contradiction to Lemma 3.5. Hence R K as required.
Let N be a transitive normal subgroup of G. If N is non-regular, then N contains K by Lemma 3.7. Otherwise, N is regular, and is therefore a plinth, and therefore N = K by part (i).
The following example (suggested to us by Cai Heng Li) shows that solubility of the plinth is necessary in the above result.
Example 3.14. Let T be a non-abelian finite simple group and let V be a faithful irreducible module for T over some finite field. Let 
Construction of semiprimitive groups via triples
One of the main ideas in [3] is an encoding of the building blocks of an innately transitive group into a data set called an innate triple. Definition 4.1. A triple (K, H, φ) satisfying the following three conditions is called an innate triple:
(1) K ∼ = T k with T a finite simple (possibly abelian) group. (2) φ is an epimorphism with domain a subgroup K 0 of K such that ker(φ) is core-free in K and if K is abelian then
A rigorous method was developed in [3] to show that all innately transitive groups arise from an innate triple via a construction. Here we show that there is an appropriate generalisation of both the notion of innate triples and the construction to the case of semiprimitive groups with a plinth, although our treatment is somewhat simplified compared to that of [3] .
Definition 4.2. A triple (K, H, L) satisfying the following conditions is called a semiprimitive triple:
(1) K is a group and H is a group of automorphisms of K such that H acts faithfully on each non-trivial H-invariant quotient of K; (2) L is a normal subgroup of
Note that H normalises K 0 and that K 0 contains Z(K). Naturally, semiprimitive groups give rise to semiprimitive triples. 
Proof. First note that ker(µ) = C G (K) and since K is transitive, C G (K) is semiregular, hence G ω ∩ C G (K) = 1 so that G ω is indeed isomorphic to G ω µ. Since K is a plinth, Lemma 3.5 shows that G ω µ acts faithfully on each non-trivial G ω -invariant quotient of K. Hence the triple (K, G ω µ, K ω ) satisfies Definition 4.2(1).
Note that K ω is core-free in K since K acts faithfully on Ω. Also since K ω = K ∩G ω and K is normal in G, we have that K ω is G ω µ-invariant. Let σ = ω C G (K) . Lemma 2.6(a) shows that K ω is a normal subgroup of K σ and part (b) of that lemma shows that K σ = K 0 . If K ω = 1, then K is not regular, and so Lemma 3.9 shows that K = [K, K]. Thus part (2) of Definition 4.2 holds.
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Suppose that R is a normal subgroup of K that is G ω µ invariant. Then R is normalised by KG ω = G. Since K is a plinth, we have that R is intransitive, hence K = RK ω . Thus part (3) of Definition 4.2 holds and (K, G ω µ, K ω ) is a semiprimitive triple as required.
Below we detail a construction that takes as input a semiprimitive triple (K, H, L) and produces a semiprimitive group. The group constructed will feature K as a plinth and H as a point-stabiliser. Condition (1) guarantees that the group produced from a semiprimitive triple will be semiprimitive. Condition (2) encodes the point-stabiliser and centraliser of a plinth and ensures that a plinth will act faithfully. Condition (3) guarantees that the group K will be a plinth in the permutation group constructed.
Construction 4.4. Let (K, H, L) be a semiprimitive triple. We set
X = K ⋊ H
(with the action of H on K as automorphisms). For convenience, we identify K, L and H with their images in X.
We write the elements of X as tuples (h, k) with k ∈ K and h ∈ H, with multiplication as below
the set of right cosets of Y in X, and let X act on Ω(K, H, L) by right multiplication. Set
Proof. It is easy to check that Z 0 C X (K). Let (1, k) ∈ K and (a, b) ∈ X be arbitrary. Proof. First we note that K ∼ = KZ/Z, Y = HZ and H ∼ = HZ/Z. Since X = KY , it follows that KZ/Z is transitive on Ω(K, H, L) and since Z centralises K, the actions of H on K and of HZ/Z on KZ/Z are the same. Since HZ/Z = Y /Z is core-free in X/Z (by definition of X/Z), Definition 4.2 (1) shows that the hypothesis of Lemma 3.3 (with X/Z in place of G, KZ/Z in place of K and Y /Z in place of H) is satisfied. Hence X/Z is semiprimitive on Ω(K, H, L).
Lemma 4.6. The kernel of the action of
X on Ω(K, H, L) is Z.
Proof. The kernel of the action of
We have that
Suppose that R is a normal subgroup of X/Z properly contained in KZ/Z. Then (by the second isomorphism theorem) there is an H-invariant normal subgroup R 0 of K such that R 0 Z/Z = R. Now suppose that R is transitive on Ω(K, H, L). Then R(HZ/Z) = X/Z. In particular, we have KZ/Z = R(KZ/Z ∩ HZ/Z) = R(LZ/Z). The second isomorphism theorem implies that R 0 L = K, a contradiction to Definition 4.2(3). Hence R is intransitive, and so KZ/Z is a plinth of X/Z.
Proof. Since the natural quotient map restricts to an isomorphism between K and KZ/Z, we have that C X/Z (KZ/Z) = C X (K)Z/Z. By Lemma 4.5 we have C X (K) = Z 0 . Hence
We now show that there is an equivalence between semiprimitive triples and semiprimitive groups with a plinth. 
Proof. Write H = G ω µ and L = K ω and continue with the notation established above. Without loss of generality, we assume that Ω = [G : G ω ]. Since X = KY and G = KG ω , we may define the following
It is routine to check that f is a bijection, that π is a homomorphism with kernel Z and that the pair (f, π) is a permutational isomorphism. We simply note that π is well-defined since µ is an isomorphism.
We shall now illustrate a method of combining semiprimitive triples to produce new semiprimitive triples. First, for a semiprimitive triple (K, H, L), note that the map τ : L → Aut(K) is a monomorphism. Indeed, if x ∈ ker(τ ) then x ∈ Z(K), so that x ∈ core K (L). Hence x = 1 by Definition 4.2(2). Moreover, the following identity holds for all x ∈ L and h ∈ H:
We shall use this identity in several places below. 
We define a product on such triples by Proof. With the above notation,
and so H is indeed a group of automorphisms of K. We first check that Definition 4.2(1) holds. Suppose that U is a H-invariant normal subgroup of K and that B is the kernel of the action of H on K/U. Then B acts trivially on
Since the action of H on K 1 is the same as the action of H 1 on K 1 , this says that
Similarly, the action of H on K 2 is equivalent to the action of H 2 on K 2 , and so we have that K 2 ∩ U = K 2 . Hence U = K and part (1) Recall the definition of K 0 from Definition 4.2 (2) . We need to show that L is a normal, core-free subgroup of
is normal in H 2 then, we find that L is normal in diag µ (H 1 , H 2 ). For simplicity of notation, let us write σ = τ 1 µτ −1 2 . Note that an element (k 1 , k 2 ) ∈ K is in K 0 if and only if there is h ∈ H such that h = (u, uµ) and
u (where the action of u on the left is as an automorphism and the action on the right is as conjugation).
We now verify that Definition 4.2(3) holds. Suppose that R is a normal H-invariant subgroup of K such that LR = K. We may assume that L = 1, hence L 1 and L 2 are both non-trivial. By Definition 4.2(2) we have that each K i is perfect, and so K is perfect. Now
Hence Rπ i = K i for each i = 1, 2 by Definition 4.2(3). Applying Lemma 9.1 we have that R = K. This completes the proof.
For clarity, we give the interpretation of the previous result for permutation groups. 
Then there exists a semiprimitive group G with plinth K 1 × K 2 and point-stabilisers isomorphic to (G 1 ) ω 1 such that G 1 and G 2 are quotient actions of G via normal subgroups. Definition 4.13. We call the product of the two permutation groups G 1 and G 2 given in Corollary 4.12 the glued product of G 1 and G 2 .
Remark 4.14. Although the glued product of two semiprimitive groups is again a semiprimitive group, the glued product of any two innately transitive groups fails to be innately transitive -every plinth of an innately transitive group is a minimal normal subgroup whereas the construction of the glued product of two semiprimitive groups visibly gives a plinth which is not a minimal normal subgroup. (5), and H 1 ∼ = H 2 . Thus we may form the glued product of G 1 and G 2 , which is isomorphic to
with a point-stabiliser in G equal to {(x, x, x) | x ∈ Alt(5)} × (g, σ) .
We now give a sufficient condition that allows us to recognise glued products of semiprimitive groups.
Theorem 4.17. Suppose that G is a semiprimitive group with plinth
K such that K = K 1 ×K 2 is a G-invariant decomposition of K with K 1 = 1 = K 2 .
Then G is permutationally isomorphic to the glued product of the semiprimitive groups
Proof. Since K 1 and K 2 are proper subgroups of K that are normal in G, both are semiregular, hence G 1 and G 2 are semiprimitive. For i = 1, 2 let π i : G → G i be the canonical map (so that ker
is a plinth of G i by Lemma 3.6. Since each K i is semiregular, the maps π i | Gω are isomorphisms. Hence the map µ :
The semiprimitive triples of G 1 and
With the notation as in Construction 4.4, let
It is easy to verify σ is a homomorphism, we now find ker(σ). Let x = (hπ 1 , hπ 2 , k 1 π 1 , k 2 π 2 ), and suppose xσ = 1. Then hk 1 k 2 = 1, so that We now record some cases when it is impossible to glue innately transitive groups. In Section 6 we will show that, apart from these cases, all other glueings are possible.
Lemma 4.18. The following pairs of innately transitive groups cannot be glued: (regular plinth, non-regular plinth), (SD,CD), (HS,HC), (AS reg ,DQ).
Proof. Suppose that G Sym(Ω) and H Sym(∆) are innately transitive with plinths K and L and let ω ∈ Ω and δ ∈ ∆. A necessary condition to form the glued product of G and H is that there is an isomorphism µ :
Thus clearly a product of a pair of types such as (regular plinth, non-regular plinth) is impossible. Suppose that G has type SD and H has type CD. Then there is a non-abelian simple group T such that K ω ∼ = T , whereas L δ ∼ = S ℓ for some finite simple group S and some integer ℓ > 1. A similar statement holds if G has type HS and H has type HC by considering soc(G ω ) and soc(H δ ). If G has type AS reg , then G ω is soluble by the Schreier Conjecture, whereas if H has type DQ, then H δ involves a non-abelian simple group.
Structure Theorem
We now prove a structure theorem for finite semiprimitive groups. Our division of the class of semiprimitive groups is based on the types of quotient actions that arise. Examples of semiprimitive groups with the many different types of quotient actions are provided in Section 6. Proof. Suppose first that K = {K}. Note that K/M is a plinth of G/M for each M ∈ S and that K/M is a regular plinth if and only if K is regular by Lemma 3.6. Hence, if K is non-regular, then G/M is an innately transitive group of type AS non-reg , ASQ non-reg , PA, SD or CD for each M ∈ S, and if K is regular, then G/M is innately transitive of type AS reg , ASQ reg , HA, TW, DQ or PQ. By Proposition 2.7, K/S = L 1 × · · · × L r for some integer r |S| and some minimal normal subgroups L 1 , . . . , L r of G/S. Repeated application of Theorem 4.17 shows that G/S is the glued product of the innately transitive groups G/M for M ∈ S ′ with S ′ ⊆ S. By Lemma 4.18 it is impossible to form the glued product of SD and CD groups and of AS reg and DQ groups, hence G/S cannot have simultaneous quotient actions of type SD and CD or of types AS reg and DQ in the respective cases. Finally, K/S is perfect unless there is some M ∈ S such that G/M is of type HA, and so S ′ = S unless this occurs. Suppose now that |K| > 1 and let
r where each L i is a minimal normal subgroup of G/S and L i is isomorphic to K/M i . In particular, K/S is perfect, and so Proposition 2.7 shows that s = r = |S| − 1. Repeated application of Theorem 4.17 shows that G/S is the glued product of the permutation groups G/M i for i = 1, . . . , r. Theorem 3.10 shows that G/M i is a primitive group of type HS or HC, and Lemma 4.18 shows that either all G/M for M ∈ S are of type HS or all are of type HC.
In the proof of part (a)(ii) of the above theorem the CFSG is invoked. This is similar to the part of the proof of the O'Nan-Scott Theorem that shows that an primitive group of almost simple type cannot have a regular socle.
We now prove Theorem 1.2. Recall the definition of rad(G) from Definition 3.4.
Proof of Theorem 1.2. Let G be a semiprimitive group and apply Theorem 5.1 to G. If case (a) holds take S to be the set of all proper subgroups of K that are maximal with respect to being normal in G so that S = rad(G). If case (b) holds then take S = K.
Examples of semiprimitive groups
We now give examples of semiprimitive groups with quotient actions of all the types listed in cases (a)(i), (a)(ii) and (b) of Theorem 5.1. All groups considered in this section will therefore be finite. Most of the examples below are constructed by applying Corollary 4.12 to a set of semiprimitive groups. We have identified H with a subgroup of G 1 , G 2 , G 3 and G 4 . If K i is a plinth of G i for i = 1, 2, 3, 4, then we observe that H ∩ K i = Alt (5) . Corollary 4.12 shows there is a  semiprimitive group G with quotient actions G 1 , . . . , G 4 . Thus G is an example of a group  occurring in case (a)(i) (12) as conjugation by the element (1, 6)(2, 7)(3, 8)(4, 9)(5, 10). We may identify H with a subgroup of G 3 such that σ is identified with µ and τ is identified as the involution (11, 12) . 
Wildness
In this section we give examples of semiprimitive groups which might be considered as evidence that semiprimitive groups are "wild". The first example shows that there is no control over the composition factors in a plinth of a semiprimitive group. We now give an example which shows that there is no control over the structure of normal semiregular subgroups outside the plinths of semiprimitive groups, and in fact, that this is the case even for innately transitive groups.
Example 7.2. Let M be any finite group. Pick an integer n 5 such that M ×V Alt(n) for some non-trivial subgroup V Alt(n). Set G = Alt(n) × M and let
Note that G = Alt(n)H and that H is core-free in G. Lemma 3.9 shows that a non-regular plinth of a semiprimitive group must be perfect. The following example seeks to address the converse to this statement: is every perfect group (isomorphic to) a non-regular plinth in some semiprimitive group? Example 7.3. Let K be a finite centre-free perfect group and let S be the largest semisimple quotient of K (that is, the quotient of K by the smallest normal subgroup R of K such that K/R is a direct product of non-abelian simple groups). Then S is a direct product of non-abelian finite simple groups. Pick h ∈ K of order a power of two such that h projects to an involution in each non-abelian finite group T that is a direct factor of S. Such an element acts faithfully on each quotient of S.
Since K is centre-free, H := h is core-free in K (otherwise the unique involution in H would be in the centre of K). Let K act on the set of cosets of H. By Lemma 3.5 this action is semiprimitive: if N is a normal subgroup of K such that H does not act faithfully on K/N, then H centralises K/N and so H centralises K/M where M is a maximally normal subgroup of K containing N. In particular, K/M is a quotient of T on which h does not act faithfully, a contradiction to our choice of h.
Graph-theoretical problems
The authors' interest in semiprimitive groups is mostly due to [22] , and we are thus motivated to explore further graph-theoretical problems. Let Γ be a locally finite graph and let G Aut(Γ) be vertex-transitive. We say that (Γ, G) is locally L (locally P) for a permutation group L (property P of permutation groups) if for each vertex x ∈ Γ we have G
is the permutation group induced by G x on the neighbourhood Γ(x) of x in Γ.
The following result shows that the automorphism groups of graphs belonging to a large family are semiprimitive. The proof is from [24, Lemma 1.6]. Proof. Suppose that N is a normal subgroup of G that is not semiregular. Then N x = 1 for some x ∈ Γ. By connectivity of Γ, we have that N
is quasiprimitive, and N
is a non-trivial normal subgroup, we have that N is locally-transitive. Then N has at most two orbits on V Γ. Since Γ is non-bipartite, N has exactly one orbit, and so N is transitive. Hence G is semiprimitive.
Let T be a non-abelian finite simple group with a Sylow 2-subgroup S and let G be the permutation representation of T acting on the set of right cosets of S. Then G is quasiprimitive. Suppose that G is (permutationally isomorphic to) a vertex-transitive group of automorphisms of a connected locally quasiprimitive graph, Γ say. Since the local action is at the same time quasiprimitive, and induced by S, a 2-group, the local action must be cyclic of order two. Thus Γ must be a cycle, and hence G cannot act faithfully. Thus the above lemma has no converse.
A finite permutation group L is said to be graph-restrictive [37] if there exists a constant c = c(L) such that for every locally L pair (Γ, G) we have |G x | c. In this language, a conjecture of Weiss [38] states that every finite primitive permutation group is graph-restrictive. The conjecture was generalised by Praeger [28] , replacing primitive by quasiprimitive. Potočnik, Spiga and Verret [22] have conjectured that a finite permutation group is graph-restrictive if and only if it is semiprimitive and have shown that every graph-restrictive group is semiprimitive. Below we show that this conjecture is true for semiprimitive groups of the type appearing in case (b) of Theorem 5.1. Recall that for a prime p and a finite group X, O p (X) is the largest normal p-subgroup of X. Proof. Let K and R be plinths of L and let L = L/K ∩R. Let ∆ be the set of (K ∩R)-orbits so that L acts primitively on ∆ of type HS or HC by Theorem 3.10. For δ ∈ ∆, Lemma 2.
For a finite group X, the generalised Fitting subgroup, F * (X), is the product of the layer of X (defined before Lemma 3.12) and the Fitting subgroup of X (the largest normal nilpotent subgroup). We refer the reader to [15, Chapter 9] for properties that we use below.
Proof of Theorem 1.4. Let L Sym(Ω) be a finite semiprimitive group with at least two plinths. Let (Γ, G) be a locally L pair and let {x, y} be an edge of Γ. We prove that G [1] xy = 1. Assume for a contradiction that this is false. Then [35, Corollary 2] shows that there is a prime p such that G [1] xy and F * (G xy ) non-trivial are p-groups. If F * (G xy ) G [1] x , then we have that F * (G xy ) = G Proof. It was noted in [4] that the proof given in [6] depends merely upon the fact that a primitive permutation group of degree n containing a 3-cycle must contain Alt(n). By Lemma 10.1, a semiprimitive group of degree n containing a 3-cycle must be primitive, and therefore contain Alt(n). Hence the proof given in [6] applies here for semiprimitive groups.
11. Open problems 11.1. Orders of finite semiprimitive groups relative to degree. The question of bounding the order of a primitive permutation group relative to its degree goes back to Jordan. Since then many results have led to the notion that, aside from the symmetric and alternating groups of degree n, all primitive groups of degree n are "small". A result of Praeger and Saxl [23] states that every primitive permutation group of degree n that does not contain Alt(n) has order at most 4 n . By omitting certain types of primitive groups, asymptotically better bounds can be given [1, 31] . Further improvements can be obtained by employing The Classification of Finite Simple Groups [9, 16] , with a sharp bound due to Maróti [19] . The analogous questions for quasiprimitive and innately transitive groups have been considered [4, 30] , and the above bound of 4 n for the order of an innately transitive permutation group of degree n not containing Alt(n) also holds. Thus we pose the following:
What is the largest family F of semiprimitive groups such that, for every semiprimitive group G ∈ F of degree n, we have |G| 4 n ?
It is possible that the family described above will need to be defined by forbidding quotient actions, rather than just subgroups.
11.2. Density of finite semiprimitive groups. For a subset N ⊂ N and x ∈ N we define N(x) = |{n ∈ N | n x}|. The density of the subset N is defined to be lim x→∞ N(x)/x. We let Deg prim = {n ∈ N | there is G Sym(n) such that G is primitive and Alt(n) G}.
A result of Cameron, Neumann and Teague [10] shows that the set Deg prim has density zero in the natural numbers. This leads us to the vague statement that "for most degrees, the only primitive groups are either alternating or symmetric groups". Similarly we define Deg it = {n ∈ N | there is G Sym(n) such that G is innately transitive and Alt(n) G}.
The analogous result, that Deg it has density zero in the natural numbers, was established in [14] . We are lead to consider the density of the degrees of semiprimitive groups. Since every regular group is semiprimitive, we define the following:
Deg sp = {n ∈ N | there is G Sym(n) such that G is semiprimitive, non-regular and Alt(n) G}.
For each odd integer n, the dihedral group of order 2n is semiprimitive in its action on n points. Thus the density of the set Deg sp is at least 1 2 . We are thus lead to the following: Problem 2a: What is the density of the set Deg sp ? Is it less than 1?
In fact, it may be of greater interest to answer the following question:
Problem 2b: What is the largest family F of finite semiprimitive groups such that the density of Deg F = {n ∈ N | there is G Sym(n) such that G ∈ F } is zero? 11.3. Base sizes of semiprimitive groups. A base of a permutation group G Sym(Ω) is a subset B ⊂ Ω such that G (B) = 1. Since each element of G can be described uniquely by its action on a base, finding small (relative to degree) bases is of interest. The base size b Ω (G) (or b(G) ) of G, is the size of a smallest base (clearly b Ω (G) |Ω|). Some permutation groups have large bases, such as the alternating and symmetric groups (in their action on n points, the base sizes of Alt(n) and Sym(n) are n − 2 and n − 1, respectively). At the other end of the spectrum, a regular group has base size 1. Pyber conjectured [32] that the base size of a primitive permutation group G of degree n is at most O log(|G|) log(n)
. The conjecture is known to be true for primitive groups without a regular elementary abelian normal subgroup; for more information, we refer the reader to recent work of Burness and Seress [8] .
For semiprimitive groups, we pose the following:
Problem 3: Investigate the base sizes of semiprimitive permutation groups.
It was shown in [30] that there exists a constant n 0 such that a quasiprimitive group of degree n n 0 not containing Alt(n) has base size at most 4 √ n log(n) (this generalises the result of Babai for uniprimitive groups [1] ). We remark that we do not know of any semiprimitive group G of degree n that is not innately transitive such that b(G) > 4 √ n log(n). In the infinite case, the study of base sizes of algebraic groups was initiated in recent work of Burness, Guralnick and Saxl [7] .
11.4. Minimal degrees of semiprimitive groups. For a permutation group G Sym(Ω) and g ∈ G, the support of g is supp(g) = {ω ∈ Ω | ω g = ω} and the degree of g is deg(g) = |supp(g)|. The minimal degree of G is then the minimum of the degrees of the non-trivial elements of G.
Since Sym(n) contains transpositions and Alt(n) contains 3-cycles, we have m(Sym(n)) = 2 and m(Alt(n)) = 3. For other finite primitive permutation groups, the number is usually much higher (relative to the degree). In [4] it was shown that, if G Sym(n) is innately transitive with Alt(n) G, then m Ω (G) ( √ n − 1)/2. Thus:
Problem 4a: What is the largest family F of finite semiprimitive groups such that, for each G ∈ F of degree n, m(G) ( √ n − 1)/2?
If Ω is an infinite set and G Sym(Ω) is primitive, then the so-called Jordan-Wielandt theorem shows that if m(G) is finite then G contains the finitary alternating group on Ω, that is, the group of permutations of Ω with finite support and even degree. We do not know of any extension of the Jordan-Wielandt theorem to infinite quasiprimitive groups, and we thus pose the following:
Problem 4b: If Ω is an infinite set and G Sym(Ω) is semiprimitive, does G contain the finitary alternating group? 11.5. Normalisers of semiprimitive groups. Suppose that G is a primitive permutation group of degree n. A recent result of Guralnick, Maróti and Pyber states that, apart from finitely many explicitly described exceptions, |N Sym(n) (G) : G| < n -see [13] . Concerning normalisers, we first record the following:
Lemma 11.1. Suppose that G is a transitive subgroup of Sym(n) and let N = N Sym(n) (G).
(i) If G is primitive, then N is primitive.
(ii) If G is innately transitive, then N is innately transitive.
Proof. Part (i) is clear: a block of imprimitivity for N is a block of imprimitivity for G. For part (ii), note that for any x ∈ N and plinth K of G, K x is also a plinth of G. Thus if K = K x for some x ∈ N, then G is an innately transitive group with at least two plinths, and so is primitive of type HS or HC by Lemma 2.5. Thus N is primitive by part (i). We may thus assume that K = K x for all x ∈ N, and so K is normal in N. Hence K is a transitive minimal normal subgroup of N, so N is innately transitive.
Thus normalisers of primitive, quasiprimitive and innately transitive groups are tightly controlled in terms of their actions. We therefore pose the following:
Problem 5a: Bound |N Sym(n) (G) : G| if G is quasiprimitive. Problem 5b: Bound |N Sym(n) (G) : G| if G is innately transitive. Problem 5c: Bound |N Sym(n) (G) : G| if G is semiprimitive.
For the third problem above, a linear bound in n is not possible, consider regular elementary abelian groups for example. In fact non-regular examples exist, for an odd prime p, and an integer d, take (C p ) d ⋊ C 2 , where an involution acts on (C p ) d by inversion. This group is semiprimitive of degree p d , and the normaliser is (C p ) d ⋊ GL(d, p). We are thus lead to consider whether a bound of the form n c log n for some constant c would suffice in Problem 6c. In fact, [13, Theorem 1.7] shows that a bound of the form 4 n √ log n n log n holds simply under the assumption that G is transitive, so the problem is to decide if the first term may be dropped for semiprimitive groups G.
Note that the normaliser of a quasiprimitive group may not be quasiprimitive. Indeed, the normaliser of the action on 12 points of Alt (5) is an innately transitive group of type ASQ non-reg . Finally, we remark that the normaliser of a semiprimitive group need not be semiprimitive. For example, take G = D 8 in its regular representation of degree 8. Then G is semiprimitive, but N Sym(8) (G) is a non-regular 2-group and so fails to be semiprimitive. 11.6. Graph theory. Recalling the definition of graph-restrictive permutation groups from Section 8, we mention again the problem that motivated this work. The conjecture below may be the most intractable problem discussed in this section.
Conjecture (Potočnik-Spiga-Verret [22] 
